Over a century, Hall effects continue to play a central role in condensed matter research for their intriguing quantum-mechanical, relativistic, and topological nature [1] [2] [3] [4] [5] . The anomalous Hall effect requires a set of time and spatial symmetries to be spontaneously broken by the magnetic structure 6-12 . Here we introduce a complementary mechanism in crystals whose magnetic structure alone generates no Hall response and the required breaking of time-reversal and other symmetries is caused by the arrangement of non-magnetic atoms in the lattice. We present a minimal model of this crystal Hall effect in textbook 13,14 collinear rutile antiferromagnets and, based on our first-principles calculations, we identify crystal Hall conductivity reaching ∼1000 S/cm in room-temperature antiferromagnetic RuO 2 15,16 . Our theory can also interpret recent Hall measurements in antiferromagnetic CoNb 3 S 6 17 , and we catalogue a broad family of collinear antiferromagnetic candidates for observing the crystal Hall effect. We show that the phenomenon can be controlled by the rearrangement of the crystal structure, lattice chirality, and magnetic order. The robust mechanism of our crystal Hall effect in combination with stable collinear antiferromagnetic order opens a previously unnoticed avenue towards dissipationless quantum transport at ambient conditions. We start our discussion from pure symmetry perspective to elucidate the basic nature and possibility of observing the crystal Hall effect in a simple collinear antiferromagnet. For this we first recall the equivalence of the magnetic-moment dependent Hall resistivity ρ ab (m) with a pseudovector parallel to the cross product of the electric field E and the Hall current j H ; this is made explicit when writing this dissipationless transport coefficient in the antisymmetrized form 18 , ρ ab (m) = (E a /j H,b − E b /j H,a )/2. Furthermore, the Hall effect requires broken time-reversal (T ) symmetry and flips sign under T , ρ ab (m) = −ρ ab (−m). This follows 18 from combining the antisymmetry, ρ ab (m) = −ρ ba (m), with Onsager relations, ρ ab (m) = ρ ba (−m). The Neumann's principle 14 then implies that the anomalous Hall effect is explicitly allowed in ferromagnetic crystals since, due to the net magnetization pseudovector, its magnetic point group (MPG) has the set of broken time and spatial symmetries required by the Hall resistivity 19 . The broken symmetry requirement does not imply, however, that the magnitudes of the anomalous Hall effect and net magnetization must be proportional to each other. For example, in Chern insulators, the Berry curvature anomalous Hall conductivity is quantized 4,20 . Another remarkable manifestation is the large contribution to the anomalous Hall effect from a fully compensated non-collinear antiferromagnetic structure 6-12 , as illustrated in Fig. 1a for Mn 3 Pt. Here, apart from breaking the T -symmetry, the non-collinear magnetic order lowers all other symmetries required by the Hall resistance pseudovector, leaving, for example, an invariance of the system under spatial rotations about only one axis direction. The net magnetization in the non-collinear structure, illustrated in Fig. 1a , is zero. However, if a net moment was generated by canting the magnetic moments towards the rotational axis, the MPG of the magnetic structure would remain the same. Like in the case of a real net magnetization, the direction of this "ghost" magnetization g defines the orthogonal transport plane of the allowed Hall effect in the antiferromagnet.
Over a century, Hall effects continue to play a central role in condensed matter research for their intriguing quantum-mechanical, relativistic, and topological nature 1-5 . The anomalous Hall effect requires a set of time and spatial symmetries to be spontaneously broken by the magnetic structure [6] [7] [8] [9] [10] [11] [12] . Here we introduce a complementary mechanism in crystals whose magnetic structure alone generates no Hall response and the required breaking of time-reversal and other symmetries is caused by the arrangement of non-magnetic atoms in the lattice. We present a minimal model of this crystal Hall effect in textbook 13, 14 collinear rutile antiferromagnets and, based on our first-principles calculations, we identify crystal Hall conductivity reaching ∼1000 S/cm in room-temperature antiferromagnetic RuO 2 15,16 . Our theory can also interpret recent Hall measurements in antiferromagnetic CoNb 3 S 6 17 , and we catalogue a broad family of collinear antiferromagnetic candidates for observing the crystal Hall effect. We show that the phenomenon can be controlled by the rearrangement of the crystal structure, lattice chirality, and magnetic order. The robust mechanism of our crystal Hall effect in combination with stable collinear antiferromagnetic order opens a previously unnoticed avenue towards dissipationless quantum transport at ambient conditions. We start our discussion from pure symmetry perspective to elucidate the basic nature and possibility of observing the crystal Hall effect in a simple collinear antiferromagnet. For this we first recall the equivalence of the magnetic-moment dependent Hall resistivity ρ ab (m) with a pseudovector parallel to the cross product of the electric field E and the Hall current j H ; this is made explicit when writing this dissipationless transport coefficient in the antisymmetrized form 18 , ρ ab (m) = (E a /j H,b − E b /j H,a )/2. Furthermore, the Hall effect requires broken time-reversal (T ) symmetry and flips sign under T , ρ ab (m) = −ρ ab (−m). This follows 18 from combining the antisymmetry, ρ ab (m) = −ρ ba (m), with Onsager relations, ρ ab (m) = ρ ba (−m). The Neumann's principle 14 then implies that the anomalous Hall effect is explicitly allowed in ferromagnetic crystals since, due to the net magnetization pseudovector, its magnetic point group (MPG) has the set of broken time and spatial symmetries required by the Hall resistivity 19 . The broken symmetry requirement does not imply, however, that the magnitudes of the anomalous Hall effect and net magnetization must be proportional to each other. For example, in Chern insulators, the Berry curvature anomalous Hall conductivity is quantized 4, 20 . Another remarkable manifestation is the large contribution to the anomalous Hall effect from a fully compensated non-collinear antiferromagnetic structure [6] [7] [8] [9] [10] [11] [12] , as illustrated in Fig. 1a for Mn 3 Pt. Here, apart from breaking the T -symmetry, the non-collinear magnetic order lowers all other symmetries required by the Hall resistance pseudovector, leaving, for example, an invariance of the system under spatial rotations about only one axis direction. The net magnetization in the non-collinear structure, illustrated in Fig. 1a , is zero. However, if a net moment was generated by canting the magnetic moments towards the rotational axis, the MPG of the magnetic structure would remain the same. Like in the case of a real net magnetization, the direction of this "ghost" magnetization g defines the orthogonal transport plane of the allowed Hall effect in the antiferromagnet.
Our crystal Hall effect can also occur in the absence of a net magnetization. However, the symmetry lowering is not generated by the magnetic structure alone but in combination with the crystal arrangement of nonmagnetic atoms. In Fig. 1b we identify a material exhibiting a strong crystal Hall effect, namely the recently discovered room-temperature collinear antiferromagnetic phase in bulk 15 and thin-film 16 of RuO 2 . The material has many practical applications owing to its high electrical conductivity and excellent thermal and chemical stability 15 . First, we illustrate in Figs. 1e,f the basic principle of T -symmetry lowering by non-magnetic atoms in a simplified quasi-1D model of a collinear antiferromagnet. The linear chain shown in Fig. 1e in Fig. 1f , a minimal modification by interlacing the antiferromagnetic moments with zig-zag positions of nonmagnetic atoms breaks the t 1 2 T symmetry and, therefore, breaks the MPG T -symmetry.
With this we arrive at the basic distinction on the symmetry level between the anomalous and crystal Hall effects. In the former case, the magnetic structure of a simple ferromagnet like Fe can be represented by a characteristic T -symmetry breaking pseudovector whose presence and orientation are independent of the positions of atoms in the crystal. From this symmetry perspective, the crystal structure can be smeared out into a uniform background, in analogy to the Sommerfeld jellium model of a solid. Similarly, the structure of magnetic moments in non-coplanar 5-7 (Fig. 1c) or non-collinear antiferromagnets 5, [8] [9] [10] [11] [12] ( Fig. 1d) can be represented by a characteristic T -symmetry breaking pseudovector, in these cases independent of the crystal structure of the non-magnetic atoms. On the other hand, within the picture of a smeared out non-magnetic background, the net effect of collinear antiparallel moments in Fig. 1e cancels out, resulting in an effectively T -symmetric system. The T -symmetry breaking required by the Hall effect only emerges when we resolve in Fig. 1f the true positions of the non-magnetic atoms in the crystal.
A comparison of Figs. 1f and 1b highlights that, in analogy to the quasi-1D model, oxygen atoms break the MPG T -symmetry of the RuO 2 crystal. However, when the Néel vector n is along the [001] axis, the RuO 2 crystal is still invariant under rotations about two axes (C 2x , C 2y ). This is not compatible with the presence of a pseudovector which allows for invariance under spatial rotations about only one axis direction (parallel to the pseudovector). The MPG for n [001] has a symmetry which remains too high to allow for a spontaneous Hall effect.
The removal of all symmetries required by the odd pseudovector is achieved when the Néel vector is in the (001) plane. The corresponding MPG, m m m, of our rutile crystal with the Néel vector along the [100] axis can be generated by space-inversion (P), a mirror plane (M y ), and a rotational axis combined with T (T C 2z ). These are marked in Fig. 2a ; for the complete list of symmetries see Methods. None of the symmetries breaks when we cant the antiferromagnetic moments towards the [010] direction. This corresponds in the compensated collinear state to the ghost pseudovector g [010] and to a non-zero σ xz component of the crystal Hall conductivity.
In previous paragraphs we verified the possibility for a non-zero crystal Hall effect in a collinear antiferromagnet using exclusively symmetry arguments without even invoking a notion of an electron carrying the charge current. We now proceed to the microscopic analysis, starting from a minimal centro-symmetric 4-band Hamiltonian satisfying the presence of the staggered potential (antiferromagnetic exchange) and the ghost pseudovector (for more details see Supplementary information):
Here the first term describes electron hopping between nearest neighbor magnetic sites i and j on a body centered cubic lattice and the second term describes on-site exchange field with an alternating direction on the neighboring sites, u i = −u j (s are spin Pauli matrices). These two terms represent a tight-binding model of a collinear antiferromagnet with T -symmetry in the MPG. Extending Haldane's approach 20 , we lower the symmetry of the Hamiltonian (1) by a spin-orbit coupling term in which the vector D k ij = −D k ji reflects a local chirality of the electron hopping on a bond k connecting the nearest neighbor magnetic sites i and j. This minimal model, shown in Fig. 2b , is general for describing the crystal Hall effect in a collinear antiferromagnet. However, we can also give the vector D k ij a specific material interpretation by referring to our RuO 2 crystal. Here,
where d i and d j are unit vectors connecting two nearestneighbor Ru atoms with the common interlaced oxygen atom (cf. Fig. 2a and 2b) . The corresponding Hamiltonian in the crystal-momentum space reads,
where τ are site Pauli matrices and s (±) xy = s x ± s y . The combination of exchange and spin-orbit coupling (second and third term in Eq. (2)) breaks the MPG Tsymmetry which lifts Kramers band degeneracy for all directions of n 11,21 . However, the crystal Hall effect is allowed only when n has a projection to the (001) plane. We show this on the intrinsic (independent of disorderscattering) Hall conductivity which is obtained by integrating the Berry curvature,
, in the crystal momentum space (see Methods). For n
[100], the application of symmetry operations M y , P and T C 2z implies that dk x Ω x (k) = 0, while symmetry operations M y , and T C 2z M y yield dk z Ω z (k) = 0. The non-vanishing integral is for the Ω y (k)-component. We illustrate this in Fig. 2c showing
The magnitude of the crystal Hall effect depends on the band structure, which reflects the magnetic space group (MSG) symmetries. For n
[100], our system is invariant under non-symmorphic symmetry operations (e.g. a mirror plane coupled to a half-unit cell translation M y t 1 2 ). On the other hand, for n [110], the system has symmorphic symmetries (e.g. M xy ). This results, for n [100], in an antiferromagnetic generalization of the nodal-chain band structure 22 (see Fig. 2d ), while, for n [110], the band structure has two non-connected nodal lines (see Fig. 2e ). The corresponding spin-orbit entangled bands around the nodal-lines generate a Berry curvature effective field in crystal momentum space akin to an ordinary magnetic field generated by real space loop currents. We now verify the results of our model analyses by first-principles calculations in the real crystal of RuO 2 (for more details see Methods and Supplementary information). Note that among the rutile oxides, a metallic phase is rare which makes the recently discovered 15, 16 itinerant antiferromagnetism in RuO 2 exceptional within this family of simple collinear antiferromagnets. Our density functional theory (DFT) calculations show that for a medium strength Hubbard parameter (U = 2 eV), antiferromagnetism and metallic density of states (DOS) coexist, consistent with previous reports 15, 16 . The first-principles Berry curvature shown in Fig. 3a exhibits analogous symmetry as the model results (cf. Fig. 2c and Supplementary information). In Fig. 3b , we plot the band structure along the ΓXSY ΓZ line for n [100], and [110] . Again in analogy to the model results, the hybridization of linear band crossings and the gapping of nodal-line features 23 strongly depends on the Néel vector orientation 21 and reflects the change from a non-symmorphic MSG for n [100] (P nn m ) to a symmorphic MSG for n [110] (Cnn m ).
In Fig. 3c we plot the intrinsic crystal Hall conductivity calculated from first-principles by employing Wannier functions (see Methods). Numerical data are plotted as a function of the Fermi level position which simulates, e.g., alloying. We observe peak values of ∼ 1000 S/cm, corresponding to the record magnitudes reported for the anomalous Hall effect in ferromagnets or non-collinear antiferromagnets 2,9 . When turning the sizable spin-orbit coupling off in our DFT calculation, we observe a perfect antiferromagnetic compensation in the Ru-projected DOS, as shown in Fig. 3d . With the large atomic spin-orbit coupling turned on, only minute corrections to the DOS occur. They result in a small net magnetic moment, m = m A + m B , of a magnitude ∼ 0.05 µ B due to Dzyaloshinskii-Moriya interaction (DMI) 24 . Here m A/B are magnetizations of the antiferromagnetic A and B sublattices. In comparison, the Néel vector n = (m A − m B )/2 has a magnitude ∼ 1.17 µ B . To gain further insight, we calculate the dependence of the crystal Hall effect for n [100] on the canting angle between magnetizations of sublattices A and B (see Fig. 3e ). For artificially constrained perfectly antiparallel moments, g [010] and we obtain σ xz = 36.4 Scm −1 . For a canting angle ≈ 1 • obtained from the DFT calculation, m [010] and σ xz = 35.7 Scm −1 . The small net magnetic moment has a negligible effect on σ xz . This is in striking contrast to the recently studied antiferromagnets GdPtBi 25 and EuTiO 3 26 which order in a T -invariant MPG and whose observed anomalous Hall effect is entirely due to the canting induced by an applied external magnetic field.
To measure the crystal Hall effect in RuO 2 with the Néel vector in the (001)-plane, an in-plane magnetic field can be applied to select via canting one of the two domains with opposite in-plane Néel vectors and corresponding opposite signs of the Hall effect, as explained in Fig. 3f . However, since stoichiometric RuO 2 can have an out-of-plane easy-axis 15 , an additional spin-flop field has to be applied along the [001]-axis to force the Néel vector into the (001)-plane. Alternatively, our DFT calculations show (see Supplementary information) that by a few per cent alloying, e.g. Ru 1+x O 2-x or Ru 1-x Ir x O 2 , the easy axis can switch from the [001] direction to the (001) plane. This also demonstrates the possibility to turn the crystal Hall effect on and off by reorienting the Néel vector. In contrast, the anomalous Hall effect in ferromagnets is allowed by symmetry for any direction of the magnetization.
We next discuss the possibility to control the crystal Hall effect by the arrangement of nonmagnetic atoms. Our first principle calculations (for detailed angular dependencies see Supplementary information) explicitly highlight that the crystal Hall effect flips sign when reversing the Néel vector in RuO 2 , consistent with Onsager relations. Remarkably, the sign of the crystal Hall effect changes also when keeping the Ru moments fixed and, instead, rearranging the crystal positions of oxygen atoms in a way that reverses the local real-space chirality of their positions, as shown in the Fig. 4a,b . We point out that the two crystal structures transform one to the other via a roto-reversal symmetry operation 27 (1 Φ ). This operation is not present in the conventional MPG nomenclature 27 and is composed of rotating each of the two oxygen octahedra in the opposite sense by 90
• (see Supplementary information). The symmetry ensures the same magnitude of σ xz when the local chirality of the oxygen positions (the sign of D k ij in the model) is reversed. From this, we can draw a comparison to the anomalous Hall effect in ferromagnets, where the sign reversal of the Hall conductivity is governed by the reversal of m. The sign of the crystal Hall effect in RuO 2 is, instead, determined by the sign of n·D k ij , again underlining the crystal mechanism of the symmetry breaking in this collinear antiferromagnet.
We now illustrate that our crystal Hall effect mechanism can shed light also on the already existing experimental data in more complex antiferromagnets. This applies, e.g., to the measured spontaneous Hall signal in a doped canted antiferromagnet CaMnO 3 (MPG 2 /m ) 28 . Apart from the anomalous Hall contribution due to the net magnetic moment, our symmetry analysis shows that the crystal Hall effect associated with the Néel vector rather than the canting moment (c.f. Fig. 3e ) is allowed in this material. Another example is the spontaneous Hall effect recently detected in CoNb 3 S 6 antiferromagnet 17 (see Fig. 4c ) which could not be reconciled with a collinear antiferromagnetic order inferred from neutron scattering 29 . According to our analysis, however, CoNb 3 S 6 can have the required set of broken MPG symmetries even in a collinear antiferromagnetic phase due to the arrangement of the S atoms. Our first-principles calculations shown in Fig. 4d give a magnitude of the crystal Hall effect in hole-doped CoNb 3 S 6 which is consistent with the experimental value (27 S/cm 17 ). Our calculations shown in Fig. 4d also confirm the expected sign change of the crystal Hall effect when we swap the global crystal chirality from the left-handed to the righthanded (see Fig. 4c ).
We point out that as many as ∼ 10% of the total of ∼ 600 magnetic structures reported in the Bilbao MagnData database 30 are collinear antiferromagnets in which the crystal Hall effect is allowed by symmetry. All 31 MPGs that can host the electrical crystal Hall effect, as well as its optical and thermal counterparts 5 , and real material examples are listed in the Supplementary information. The ghost vector in 25 out of these MPGs is either perpendicular to the mirror plane (see Fig. 1b) , or parallel to the n-fold rotational axis (see Fig. 4c ).
Finally, we recall that the research of topological Hall currents holds a promise of dissipationless nanoelectronics 2, 4 . However, the previously identified mechanisms have been impractical, requiring either excessive magnetic fields in case of the quantum Hall effect or relying on a fragile low-temperature magnetic order in the quantum anomalous Hall effect 4 . Our crystal Hall effect points to a paradigm change in this research area as it introduces a robust mechanism of the required spontaneous symmetry breaking, compatible with a stable collinear antiferromagnetic order.
METHODS
Our full tight binding model in Eq. (2), including the spin-orbit coupling, can be solved analytically, and we obtain four-energy-bands:
where
The MSG of rutile antiferromagnets for the Néel vector along the [100] and [110] axis, respectively, are: The MSG of CoNb 3 S 6 for the Néel vector along the [100] is C2 2 2 1 and includes symmetry operations T C 2x , T S 2y , and S 2z , where t = (0, 0, 1/2) and all the symmetries coupled by t = (1/2, 1/2, 0). The magnetic Laue group (MPG stripped off inversions) is the same, 2 2 2, for both RuO 2 , and CoNb 3 S 6 crystal, and thus also the shape of the conductivity tensor.
The time reversal operation acts on the Berry curvature as T Ω(k) = −Ω(−k), and the following symmetries operate as:
We calculated the Hall conductivity in our model and in DFT as,
where the Berry curvature, Ω y (n, k), is defined as in the main text for each individual band with the quantum number n and corresponding Bloch functions u n (k), and f (k) is the Fermi-Dirac distribution 31 . We have calculated the electronic structure of RuO 2 in the full potential DFT code ELK 32 and pseudopotential DFT code VASP 33 , within PBE+U+SOC (spherically invariant version of DFT+U) 34 on a 12 × 12 × 16 k-point grid and we use energy cut-off 500 eV. In the case of RuO 2 crystal, we performed our magnetocrystalline anisotropy calculations on a 16 × 16 × 24 k-point grid. For the transport calculations, we used only VASP results. We obtained Wannier functions on a 12 × 12 × 16 grid using the Wannier90 code 35 and we calculated the Hall conductivity by employing Eq. (3) evaluated on the MonkhorstPack grid with a 321 3 crystal momentum integration mesh in Wannier tools 36 . In the case of CoNb 3 S 6 , we evaluate Wannier functions on a 12 × 12 × 6 grid, and we use 241 2 × 201 crystal momentum points for the Hall conductivity calculation. We tested our first principles calculation methodology on the experimentally and theoretically investigated anomalous Hall conductivity in ferromagnets and non-collinear antiferromagnets and we obtained an agreement with the previous reports (e.g., 234 S/cm in IrMn 3 , cf. Ref. 11).
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